We computationally investigate the stability of a pair of radially stratified immiscible liquids undergoing countercurrent axial flow in the annular gap between rapidly corotating coaxial cylinders: two-fluid Taylor-Couette flow with counterflow. A simple analysis determines conditions under which a nearly cylindrical interface is maintained in the presence of counterflow ͑i.e., axial pressure gradients͒. Stability analysis reveals that for small axial Reynolds numbers, the flow is slightly stabilized against Taylor-Couette instability, consistent with results for a single phase. At axial Reynolds numbers greater than about ten, however, the flow is susceptible to a ͑generally nonaxisymmetric͒ Kelvin-Helmholtz instability, which precedes the Taylor-Couette mode. Furthermore, new results are presented for the case without axial flow. A bifurcation to vortices that corotate with their counterparts in the other phase is found. Finally, limitations of the generalized Rayleigh criterion developed in our earlier work are elucidated. In particular, we show how it fails if one of the fluid layers is very thin.
I. INTRODUCTION
Taylor-Couette flow is a centrifugally induced hydrodynamic instability that occurs in the flow between coaxial cylinders, when the inner cylinder is rotated faster than a critical speed. Although this flow has attracted a great deal of study since Taylor's pioneering paper in 1923, 1 the extension to the flow of two liquid phases in the same geometry has received relatively little attention. Here we extend our previous analysis 2 of two radially stratified immiscible fluids to include countercurrent axial flow of the two phases.
The motivation underlying this study is the development of design principles for a novel liquid-liquid extractor. Taylor-Couette flow of a single fluid has already found applications that utilize the vortex motion to increase the performance of mass transfer operations and, in many instances, a several-fold increase in filtration and reactor performance has been demonstrated. [3] [4] [5] [6] [7] [8] [9] [10] [11] These successes suggest that the same may be expected of a two-fluid analog. Figure 1 is a schematic of a two-fluid Taylor-Couette liquid extractor. In this device, the two phases retain their individual integrity and contact each other only at a single well-defined interface. Although the interfacial area is small, the vortex motion provides an active surface for mass transfer. In contrast, standard liquid-liquid extraction processes maximize a relatively inactive surface area by dispersing one phase as small droplets in the other phase. Such dispersion based systems are often inadequate for liquid pairs that are easily emulsifiable; these arise, for example, in bioseparations that use aqueous two-phase or reverse micelle systems. 12 In a companion paper experimental and theoretical results for inter-and intraphase mass transfer are presented and indicate that twofluid Taylor-Couette flow with countercurrent axial flow is a very promising configuration for an extraction process. 13 Joseph et al. have investigated the stability of rigid rotation of two centrifugally stratified fluids between coaxial cylinders, in the absence of gravity.
14 They find that a rigid interface is linearly stable when J i Ͼ1 and is globally stable when J i Ͼ4, where
and ␥ is the interfacial tension, 1 and 2 are the densities of the inner and outer fluids, respectively, ⍀ is the rigid body rotation rate, and R i is the interface position. For the conditions present in our extractor, J i ӷ4. Renardy and Joseph also computationally explored the linear stability of two-fluid Couette flow with only inner cylinder rotation. 15 The results they report are primarily for the critical axial wave number of the one-fluid problem, which is not generally the critical wave number of the two-fluid problem. They find that two-fluid Taylor-Couette flow may be stabilized ͑destabilized͒ by placing the less ͑more͒ viscous fluid in a layer near the inner cylinder. Also, the denser fluid may be stably located at the inner cylinder when the centrifugal effect is overcome by a favorable combination of surface tension and viscosity difference.
In related experimental work, Joseph and co-workers report several modes for two-fluid flow in a horizontal Couette cell with sealed ends and a stationary outer cylinder. 16, 17 The fluids investigated were viscous oils ͑silicone, STP, SAE40, vegetable͒ and water, or two viscous oils. The fluid regimes observed include ͑1͒ an emulsion undergoing one fluid Taylor-Couette flow, ͑2͒ ''rollers''-axisymmetric blobs of oil attached to the inner cylinder-and vortex motion of the water phase, and ͑3͒ axially alternating bands of emulsion and pure fluid. Campero and Vigil observed similar patterns in their experiments, which also probed axial flow effects. 18 Toya and Nakamura studied Taylor-Couette flow of two fluids in a vertical annulus where the fluids are axially stratified. 19 They observe the counterintuitive result that the bottom vortex in the less dense phase can co-rotate with the top vortex in the denser phase: i.e., the radial velocities have opposite signs near the boundary between the two fluids. As we describe below, an analogous result arises in the radially stratified case.
In addition to the Taylor-Couette instability in two fluid Couette flow, several studies have investigated the interfacial shear instability of fluid layers with different viscosities first predicted by Yih. 20 Gallagher et al. 21 observed azimuthal waves in a vertical Couette cell filled with two radially stratified fluids of matched density, but different viscosity. Only the outer cylinder was rotated to eliminate the possibility of Taylor-Couette instability. The experimentally observed wavelength and onset of the instability agree well with the linearized theory as represented by the Orr-Sommerfeld equation for purely azimuthal viscous shear flows of two fluids.
Earlier we showed that a special case of two-fluid Taylor-Couette flow is an experimentally unobservable bifurcation of single-fluid Couette flow. 2 Rayleigh's criterion 22 for centrifugal instability was applied to the two-fluid case and an axisymmetric linear stability analysis for viscous fluids introduced. Because in two-fluid Couette flow the less viscous phase always displays the larger angular momentum gradient, the inviscid analysis predicts that this phase is always more susceptible to instability. Because of the interfacial boundary conditions, vortex motion will occur in both phases, but is driven by the ''Rayleigh unstable'' phase. A viscous analysis further showed that increasing the viscosity of the Rayleigh unstable phase is stabilizing, while increasing the viscosity of the stable phase has little effect. The density ratio also has little effect on the instability. Under experimental conditions where gravity is unimportant, the experimental and theoretical results agree quantitatively, showing that the simple inviscid analysis is useful in understanding the viscous problem. In experiments where gravity was not negligible, another instability, characterized by a longer wavelength ''barber pole'' pattern, was observed experimentally and argued to be a two-fluid analog of rimming flow instability. 2, 23 The effects of axial pressure-driven flow on TaylorCouette flow of a single fluid phase have been well studied and provide a starting point for understanding the two-fluid case. Some intuition about these effects may be gained from a simple scaling argument. The centrifugal term in the radial momentum balance scales as the Taylor number T. The axial convection term scales as the axial Reynolds number Re ax . As Re ax increases, T must increase accordingly to make a leading order contribution to the radial momentum balance. Therefore, we expect the critical Taylor number to scale linearly with axial Reynolds number. This expectation is confirmed by detailed analysis and experiment. In an approximate axisymmetric analysis, Chandrasekhar found that axial flow suppresses Taylor-Couette instability and the axial wave number increases with increasing axial flow. 24 Ng and Turner computationally observed similar effects for axisymmetric patterns and, at very high axial Reynolds numbers, reported the dominance of a Tollmien-Schlichting shear instability in the boundary layer rather than a Taylor-Couette instability. 25 Howes and Rudman showed numerically that for axisymmetric flows, some streamlines ͑in a reference frame traveling with the wave speed͒ bypass the vortex cores and flow counter to the prevailing axial flow direction; the center of each vortex travels faster than the axial mean velocity. 26 Giordano et al. also observed this experimentally. 27 At sufficiently high axial flowrates (Re ax Ͼ20), the flow patterns observed experimentally and predicted theoretically are nonaxisymmetric. 25, 28 In a nonaxisymmetric analysis, Ng and Turner found that axial flow is still stabilizing and the axial wave number increases, but both effects are smaller than in the axisymmetric case. Also, nonaxisymmetric Tollmien-Schlichting instability was not observed. The nonaxisymmetric predictions of Ng and Turner agree well with the experimental observations of Snyder and of Donnelly and Fultz. 29, 30 A detailed experimental map of various flow regimes has been made by Lueptow et al., 31 and the stabilizing effect of oscillatory axial motion of the inner cylinder has been demonstrated experimentally by Weisberg et al. 32 and computationally by Marques and Lopez. 33 Incidentally, axial flow also suppresses the viscoelastic analog of Taylor-Couette instability in an inertialess Oldroyd-B model of a polymer solution; 34, 35 the axial stresses resist the radial deformations required for instability.
In the present work, we computationally investigate the stability of a pair of radially stratified immiscible liquids undergoing countercurrent axial flow in the annular gap between coaxial corotating cylinders. A simple analysis determines conditions under which a nearly cylindrical interface is maintained in the presence of axial pressure gradients. In the absence of axial flow, the results from the present study agree well with both our earlier work 2 and with the analysis of Renardy and Joseph. 15 Therefore, the assumptions of narrow gap, near rigid rotation, and axisymmetry were in fact very good for the conditions we studied previously. 2 Furthermore, we find no evidence of azimuthal viscous shear instability, in agreement with the experimental observations. 2 For the axial counterflow case, at small axial Reynolds numbers, we show that the flow is slightly stabilized against the Taylor-Couette instability, consistent with results for a single phase. At axial Reynolds numbers greater than about ten, however, the flow is susceptible to a Kelvin-Helmholtz instability, which precedes the Taylor-Couette mode.
Furthermore, new results are presented for the case without axial flow. A bifurcation to vortices that corotate with their counterparts in the other phase is found. Finally, the limitations of the generalized Rayleigh criterion developed in our earlier work are elucidated. In particular, we show how it fails if one of the fluid layers is very thin.
II. FORMULATION
The flow domain under consideration is the annular region between a pair of coaxial cylinders of length L. The inner cylinder, with radius R 1 , rotates with an angular velocity of ⍀ 1 . Likewise, the outer cylinder, with radius R 2 , rotates at ⍀ 2 . The aspect ratio of the device is ⌫ϭL/R 1 . The inner ͑less dense͒ fluid contacts only the inner cylinder and has density 1 , kinematic viscosity 1 , and dynamic viscosity 1 ϭ 1 1 . Fluid in this layer flows axially with an imposed volumetric flow rate Q 1 . The base state flow field for the inner fluid is given by V 1 ϭV 1 (r)e ϩW 1 (r)e z . The outer fluid is described similarly, but with subscripts 1 replaced with 2 and with the axial flow in the opposite direction. The interfacial tension between the two fluids is ␥. As high rotation rates of both cylinders are required to radially stratify the two fluids, gravity is neglected in the present analysis. We assume that absent any instabilities, the interface is cylindrical, located at radial position R i , and rotates with an angular velocity ⍀ i that is determined from the Couette solution shown below. In the presence of axial counterflow, the interface is actually slightly tapered rather than cylindrical; we compute the extent of taper below, showing that it is negligible for the conditions of interest here. Except in the calculation of this taper, the finite length of the device is ignored and the computations performed for infinitely long cylinders.
The velocities are scaled with ⍀ 1 R 1 , spatial variables with dϭR 2 ϪR 1 , time with d 2 / 1 , and pressure with 2⍀ 1 2 R 1 2 1 /⑀, where ⑀ϭd/R 2 . The importance of interfacial tension is measured by the quantity Jϭ( 2 Ϫ 1 )⍀ 2 2 R 2 3 /␥. The radial coordinate, r, is transformed into a new variable, yϭ(rϪR 1 )/d, which is zero at the inner cylinder and one at the outer. The position of the interface is y i .
The azimuthal component of the base flow is two-fluid Couette flow with boundary conditions of no-slip at the cylinder walls, and continuity of shear stress and velocity at the interface. The resulting Couette solution has only an azimuthal velocity component for each phase ( jϭ1,2):
where
Here R 1i ϭR 1 /R i ,⍀ 21 ϭ⍀ 2 /⍀ 1 , 21 ϭ 2 / 1 , etc., and ⍀ i is determined from Eq. ͑1͒. Similarly, the base axial velocity for each phase is
The Ekman number for phase j is defined as
The axial pressure drops, ⌬ P z,1 and ⌬ P z,2 , are determined by the volumetric flow rates. The flow rate ratio Q 21 is the ͑absolute value of the͒ ratio between the volumetric flow rates of the outer and inner phases.
Since the axial counterflow is driven by the axial pressure drop for the respective phase, the interface is slightly tapered rather than cylindrical, as was assumed in the above solutions for the base velocities. A perturbation analysis of the normal stress boundary condition, neglecting surface tension, reveals that at rigid rotation in the narrow gap limit:
where ␦ϩR i is the maximum radius of the tapered interface.
The maximum taper is then A typical axial velocity profile for countercurrent axial flow is shown in Fig. 2 . In general the axial velocity at the interface is nonzero and the result is backflow in one of the fluid phases. Furthermore, Rayleigh's theorem for inviscid flow profiles with inflection points suggests that the flow might become unstable at sufficiently high axial Reynolds numbers.
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A. Stability analysis
We now consider the evolution of perturbations to the base flow; the velocity field is v j ϭV j ϩv j , jϭ1,2. The disturbance flow is assumed to have the following normal mode form:
The interface deforms from the flat unperturbed interface at y i as ĥ ϭhe i␣(zϪct)ϩin ϩc.c. Pressure also has the form p ϭp(y)e i␣(zϪct)ϩin ϩc. c. The governing equations and boundary conditions for the disturbance quantities are linearized and domain perturbation is used to apply the interfacial boundary conditions at the unperturbed interface position, y i , rather than at the actual unknown interface position.
The linearized governing equations are radial momentum:
azimuthal momentum:
axial momentum:
continuity: 
with the linearized kinematic condition
No-slip conditions apply at yϭ0 and yϭ1. The equations were discretized using Chebyshev collocation: ChebyshevGauss-Lobatto integration points were used for the velocities and Chebyshev-Gauss points for pressure. 36 Results here were performed with 16 collocation points in each phase; this was found to be more than sufficient for convergence. The resulting algebraic generalized eigenvalue problem is solved with a public-domain subroutine that uses QZ factorization. 37 Instability occurs when Im(c) becomes positive.
III. RESULTS
A. Two-fluid Taylor-Couette flow without axial countercurrent flow
We begin by reviewing and extending our earlier results 2 in the absence of axial flow. Without countercurrent flow, a simple stability criterion can be derived by considering each layer to be inviscid but with the viscous Couette flow velocity profile. Each phase is then subject to a Rayleigh criterion similar to that for the one fluid case, 22 .
͑5͒
These criteria predict that independent of interface position, the less viscous fluid is always the one more susceptible to instability in inviscid limit. Based on the Rayleigh criterion ͓Eqs. ͑4͒ and ͑5͔͒, a phase becomes unstable when its Taylor number becomes positive, as can be seen from the bracketed terms in the definitions of the Taylor numbers for the two phases:
It should be noted that for a given geometry and pair of fluids, the two Taylor numbers are not independent. Furthermore, since ⍀ 21 is the relevant experimentally tunable parameter and is the natural bifurcation parameter of the inviscid analysis, it is used to represent most of our results. When the fluids are of equal depth, a full viscous analysis predicts no qualitative differences from the inviscid analysis. 2 However, when the less viscous fluid layer is sufficiently thin ͑i.e., where y i or 1Ϫy i is small͒, viscous effects become important and can cause the more viscous layer to be the less stable phase, contradicting the predictions of the inviscid theory. Figure 3 shows the effect of interface position for 21 ϭ0.69 and several Ekman numbers. Unless otherwise specified, the results are for operating conditions representative of our current experimental apparatus:
13 R 2 ϭ5.05 cm, R 12 ϭ0.826, y i ϭ0.5, ⍀ 2 ϭ8 rev/sec, 2 ϭ7.52 cp, 2 ϭ1.15 g/ml, 0.22Ͻ 21 Ͻ4.85, 1.20Ͻ 21 Ͻ1.5, and ␥Ϸ50 dyne/cm, giving Jϭ1939. The Rayleigh criteria for the inner and outer fluids and the critical axial wave number, ␣ c , are also shown. From this figure, it is observed that ͑1͒ increas- ing the Ekman number is stabilizing, as found in our earlier work, 2 and ͑2͒ the less viscous phase is the unstable phase until a critical thinness of that layer. The vortices remain approximately square and the axial wave number indicates which phase is unstable. The abrupt change in wave number identifies the critical thinness where the switch occurs from one phase being the unstable phase to the other. Interestingly, after the switch the stability is given to a good approximation by the Rayleigh criterion for the thicker, more viscous layer. As the effective viscosity ͑Ekman number͒ increases, the critical thinness required approaches y i ϭ0.5.
As the radius ratio approaches unity, the Rayleigh criterion predicts that the rotation rate ratio for instability also approaches unity. However, viscous effects again become more important as the layers become thinner. The flow is stabilized as the Ekman number increases, which occurs when the viscosity increases, the rotation rate (⍀ 2 ) decreases or the gap width decreases (R 12 →1). Figure 4 shows the stabilizing effects of narrowing the gap on increasing Ekman number.
In addition to the stabilizing effects of Ekman number, increasing surface tension slightly stabilizes the system. Surface tension has a greater effect at higher Ekman numbers, although the effect remains small; for Ek 2 ϭ8.4ϫ10 Ϫ3 , ⍀ 21 /⍀ 21,Jϭϱ →0.982 as J→0. The dimensionless group measuring the surface tension term in the normal stress boundary condition is small for the conditions studied here
For all of the cases studied, when the Taylor-Couette instability first appears, vortices paired across the interface counterrotate; i.e., points just across the interface from one another have very similar velocities. However, at finite amplitude, two commercial computational fluid dynamics codes ͑FLUENT and FIDAP, Fluent, Inc., Lebanon, NH͒ predict that the vortex pattern can change to a stable corotation state; i.e., the sign of the axial velocity ͑relative to the velocity of the interface͒ changes across the interface. 13 Recall that Toya and Nakamura 19 observed a similar behavior in axially stratified two-fluid Couette flow. Since our linear stability analysis is valid only at the onset of two-fluid Taylor-Couette flow, it cannot directly determine supercritical flow behavior. However, the second mode to go unstable in the linear stability analysis can give an indication of other important flow patterns. When the two fluids are identical, with equal fluid depths, negligible curvature, and no countercurrent axial flow, the linear stability analysis predicts counterrotating vortices as the primary unstable mode. A corotating vortex state is the second mode to bifurcate and may become stable at finite amplitude due to mode interactions. 38 However, this mode is significantly affected by counterflow, as shown for Q 21 ϭ1 in Fig. 5 . Once ReϾ3, the first and second modes look similar, the difference being which phase has stronger vortices. This suggests that countercurrent axial flow sufficiently affects the problem symmetry that it eliminates corotating vortices. From the mass transfer point of view, this result is fortunate, as the interphase mass transfer rate is expected to be higher ͓O(Pe From these graphs the following observations may be made: ͑1͒ At low flow rates there is no effect on the onset of the vortex flow or on the structure of the vortices as described by the axial and azimuthal wave numbers. ͑2͒ At moderate flow rates the flow is slightly stabilized and both wave numbers increase; the vortices become thinner and helical. These results agree qualitatively with similar observations for one-fluid TaylorCouette flow. 24, 25, 28 For both the one-and two-fluid cases the relation T c ϰRe ax holds for the axisymmetric case at moderate flow rates, in agreement with the scaling argument presented in the Introduction. ͑3͒ At higher flow rates, the flow is strongly destabilized, particularly with respect to nonaxisymmetric disturbances, indicating the appearance of another instability. In the two-fluid problem, this instability is a Kelvin-Helmholtz mode, as we discuss below, and appears when Re ax,2 Ϸ10-100. At sufficiently high Re ax , this instability will occur even at rigid rotation. In contrast, the single fluid problem is stable to much higher axial Reynolds numbers (Ϸ7000), where a Tollmien-Schlichting mode apparently appears. As seen in the figures, some streamlines ''bypass'' the vortex structure, and a characteristic pattern of stagnation points develops. With increasing axial Reynolds numbers, the vortices become thinner and one vortex appears to be drawn under its neighbor. At higher Reynolds numbers, a completely different pattern appears corresponding to the strongly destabilizing mode mentioned above. The stagnation point pattern shifts to that characteristic of the Kelvin's ''cat's eye'' pattern of the Kelvin-Helmholtz instability.
In general, the first derivative of the base state axial flow is discontinuous at the interface and the flow profile does not have an inflection point elsewhere. However, the change in concavity may be measured by the jump in the second derivative ( 22 In agreement with this argument, Fig. 9 shows the destabilizing effect of decreasing Q 21 for matched viscosity fluids ( 21 ϭ1) and Fig. 10 shows the same effect with increasing 21 for matched flow rates (Q 21 ϭ1). We note that, as axial Reynolds number increases, the neutral curves become extremely flat, and it becomes difficult to accurately determine the critical wave numbers. This difficulty is reflected in the figures, where significant variations in the critical azimuthal wave number can be seen. scaled by viscosity͒. The flow is also more axisymmetric ͑i.e., n c is smaller͒ with higher viscosity fluids.
Finally, Fig. 13 shows that surface tension suppresses the Kelvin-Helmholtz instability as expected from other studies. 22, 24 Also apparent from the values in the figure legend is the very slight stabilizing effect of surface tension in the absence of counterflow: as J Ϫ1 increases, ⍀ 21,c decreases very slightly.
IV. CONCLUSIONS
In this paper, our previous stability analysis for two-fluid Taylor-Couette flow is extended to include pressure-driven countercurrent axial flow. As in the case without axial flow, a row of counterrotating vortices develops in each phase. Except in the case of one very thin layer or a very small gap, the vortex motion is stronger in the less viscous phase, as predicted by a generalized Rayleigh criterion. At low countercurrent flow rates, the axial flow is stabilizing and the pattern is axisymmetric; at higher rates both the axial and azimuthal wave numbers increase. At higher countercurrent flow rates a Kelvin-Helmholtz instability appears, preceding the Taylor-Couette instability. 
